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ABSTRACT 
We have extended our earlier investigation of scattering from surface cracks. In particular, we have 
studied the change in the reflection coefficient of a Rayleigh wave incident on a half-penny shaped sur-
face crack along with the corresponding change in the acoustic crack size estimates as the cracked sample 
is stressed to fracture. We have examined in this manner both cracks in annealed samples and as-indented 
cracks. We have found that the fracture behavior for cracks in these two types of samples differ quite 
significantly, with the cracks in the annealed samples exhibiting a partial crack closure characteristic 
and the cracks in the as-indented samples displaying both crack closure and crack growth effects. 
I NT RODUCT ION 
This work is an extension of our earlier studyl 
aimed at the establishment of procedures for locat-
ing and characterizing surface cracks in structural 
ceramics. The basic technique we have been using 
consists of launching a Rayleigh wave on the sur-
face of the ceramic and observing the reflections 
of the acoustic surface wave from the crack. The 
particular type of crack we have been studying is 
a half-penny shaped surface crack introduced at a 
given orientation into the ceramic surface by a 
Knoop hardness indentor. In a pre,vious paper,1 we 
described a scattering theory valid in the low 
frequency regime based on the model of an open half-
penny shaped crack. This theory related the reflec-
tion coefficient measured in the experiment with 
the crack size and fracture stress of the cracked 
sample. The theory was shown there to give predic-
tions for the fracture stress which were in good 
agreement with experimental results. However, 
predictions for the crack size were observed to be 
considerably less accurate, with crack size esti-
mates for unstressed samples being smaller by 
factors of two to three than the actual crack sizes 
measured after fracture. 
Since that time we have extended the theory 
and correlated our results with what would be 
expected from fracture mechanics studies of cer-
amics. A series of experiments on annealed and 
unannealed samples has demonstrated the power of 
acoustic techniques for studying cracks in ceramics. 
The work indicates that cracks in annealed samples 
tend to be in contact over most of their cross-
section and open up with applied stress. At the 
point of fracture, a very slight growth in crack 
radius is observed. On the other hand, cracks in 
unannealed as-indented samples exhibit partial 
closure at the sample surface. Upon application of 
stress, crack growth occurs, with crack radii 
tending to increase on the order of 50% . Upon 
release of stress, the cracks partially close, with 
their effective radii decreasing by less than 10% 
As stress is further applied, further crack growth 
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is observed, terminating in fracture at lower 
applied stresses than for equivalent annealed 
samples. This hysteresis effect has been observed 
for the first time acoustically. Both the initial 
crack radius, c0 , and final radius, Cm , can be 
measured after fracture. The results obtained can 
be predicted accurately via acoustic techniques and 
agree well with the predicti~n~ ~f earlier theories 
and experiments by Marshall. • • 
An important result of our work is the demon-
stration that it is highly desirable to anneal 
ceramics in which surface cracks are likely to be 
present. Annealing inhibits further crack growth 
by relieving the residual stresses that are present. 
As evidence, we note that when unannealed samples 
are stressed, the crack radius increases by a 
factor of approximately two. Annealing, however, 
causes an increase in the fracture stress observed 
by a factor of approximately 1.5 . 
THEORETICAL REVIEW 
A general theory of scattering from flaws 
developed by Kino and Auld5,6 forms the basis for 
our work. The scattering configuration considered 
is shown in Fig. 1. The reflection coefficient, 
Szl , is defined as the amplitude ratio of the 
reflected signal from the flaw, Az , received by 
transducer 2 , to the incident signal, A~ , 
transmitted by transducer 1 , at the term1nals of 
the transducers. In terms of the input power to 
the transmitting transducer, P , the Rayleigh 
wave displacement field when the rec~iying trans-
ducer is used as the transmitter, u\ZJ , and the 
applied stress in the vicinjty of theJflaw before 
the flaw is introduced, cr~j1J ' s21 is given by 
A2 = jw J u~2)cr~Pln.dS (1) 
S21 A 4P J 1 J 1 
1 sc 
-----------------------------------·-·····---
for the case where the flaw is a void. Here, the 
integral is taken over the entire surface of the 
void, Sc . 
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Figure 1 - A schematic of the geometry considered 
in the derivation of the reflection 
coefficient, S21 , for a flaw. Here, 
n is the inward normal to the flaw 
surface, Sc . 
For the situation of a Rayleigh wave normally 
incident on a half-penny shaped surface crack of 
radius a located in the x-y plane (Figs. 2 and 
3), the reflection coefficient may be written as 
(2) 
where ~u is the discontinuity in the Rayleigh 
wave dispfacement field across the crack and cr~z 
is the applied stress. The integral is now taken 
over just the semi-circular area, S. The theory we 
have developed for this configuration is strictly 
valid only in the low frequency regime (i.e. we 
require the maximum depth to which the crack extends 
below the sample surface to be much less than an 
acoustic wavelength). To take into account the 
effect of imaging at the surface in increasing the 
value of the stress intensity factor near the sur-
face, as well as the variation with depth of the 
Rayleigh wave stress fields, we use the results of 
Budiansky and O'Connell? to write the surface 
integral in Eq. (2) in terms of a contour integral 
of the square of the mode I stress intensity factor, 
KI , around the crack circumference C (Fig. 3) 
(3) 
Here, v is Poisson's ratio and E is Young's 
modulus. The angular dependence of KI caused by 
the surface imaging forces may be approximated from 
the results of Smith, Emery, and Kobayashi.8 Smith 
et al. considered the case of a half-penny shaped 
surface crack in a beam of thickness 2c subject 
to a bending load. The applied stress then takes 
the linear form 
cr~z(Y) = A(1 - y/c) (4) 
where A is a constant and y is the distance 
from the sample surface (Fig. 2). The corresponding 
stress intensity factor is given by 
where the functions ~ 0 (6) and ~ 1 (6) were numer-ically evaluated by Sm1th et al. (Fig. 4). To make 
use of these results for our case where the stress 
is due to the Rayleigh wave and not a bending load, 
we made a linear approximation to the Rayleigh wave 
stress field and so evaluated effective values for 
the constants A and c appearing in Eq. (4). 
Our result for the normalized reflection coefficient 
wkiSul , for a semi-circular crack, as a function 
of the normalized crack depth, 2Tia/A , is given by 
the dashed curve in Fig. 5. Here k = 2TI/A is the 
propagation constant of the Rayleigh wave, and w 
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is the width of the acoustic beam at the crack. 
RAYLEIGH WAVE 
X y 
Figure 2 - Scattering geometry for a Rayleigh wave 
normally incident on a half-penny shaped 
crack. 
RADIUS a 
HALF- PENNY SHAPED CRACK 
Figure 3 - Schematic of half-penny shaped crack 
geometry. 
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Figure 4 - Angular variation of the functions 8 ~ 0 (6) and ~ 1 (6) (afterSmithetal.). 
EXPERIMENTAL RESULTS 
In our experimental studies, we used a commer-
cial hot-pressed silicon nitride (NC-132) ceramic. 
The samples were in the form of 7.6 em x 2.6 em x 
.64 em plates with polished surfaces into which 
cracks had been introduced via a Knoop indentor. 
Measurements were made at a frequency of about 
8.5 MHz , corresponding to an acoustic wavelength 
of about 680 ~m . Two wedge transducers in the 
configuration shown in Fig. 6 were used to excite 
and receive the acoustic signals. The experimental 
values for the reflection coefficient thus obtained 
were then corrected for diffraction loss, the sur-
face wave conversion efficiencies of the trans-
ducers, and for the effect of the transmitted and 
reflected acoustic beams each being at an angle a 
from the crack normal. 
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Figure 5 - Comparison of the results for the nor-
malized reflection coefficient, wkiS11I, 
as a function of the normalized crack 
depth for the half-penny shaped crack 
theory and the elliptical crack theory. 
The normalized crack depth is defined 
for each theory by the quantities 2na/A 
and 2n(b + h)/A , respectively. 
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Figure 6 - Experimental scattering configuration 
used. In our study, a= 12.5° . 
Measurements were carried out on both annealed 
and as-indented samples. One sample was annealed 
in air and another in a vacuum with an annealing 
period of about six hours at a temperature of 
1200°C . An additional three samples were tested 
in their as-indented state. For all five samples, 
we monitored the change in the acoustic reflection 
coefficient while the samples were slowly stressed 
to fracture in a 3-point bending jig. 
Annealed Samples - We found that the cracks in the 
annealed samples are fairly well modelled by the 
open half-penny shaped crack theory described in 
the previous section, subject to the additional 
observation that in the unstressed state, partial 
crack closure occurs (Fig. 7). As shown in Figs. 
8 and 9, loading the sample from zero stress to 
fracture produces a steady increase in the acoustic 
prediction for the crack depth. We additionally 
observe that if, after a period of loading, the 
load is reversed until the stress in the vicinity of 
the crack approaches zero, the crack size estimates 
tend to return to very near the intial value 
observed for the unstressed sample (Fig. 9). Appli-
cation of a load to the cracked sample thus has the 
effect of causing the crack to open, as indicated 
by the increase in the acoustic size estimates with 
increasing load; however, subsequent removal of the 
load results in a return of the crack to its origi-
nal partially closed state. Verification of this 
interpretation is obtained upon inspection of the 
fracture surface (Fig. 10) .. Here, only the initial 
flaw produced by the Knoop indentor is in evidence, 
as indicated by the single ring near the sample 
surface. Lastly, we compare the acoustic estimate 
for the crack depth at fracture with the optically 
measured crack depth (Table I). For both samples, 
agreement between these two values is quite good, 
with the deviation of the acoustically predicted 
values from the actual values being less than .17% 
KNOOP INDENTATION 
CRACK CLOSURE REGION 
Figure 7 - Fracture model for crack in an annealed 
sample. c0 is the depth of the initial flaw produced by the Knoop indentor. In 
the u~stressed state, the crack is par-
tially closed, as indicated. 
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Figure 8 - Stress versus acoustic estimates of the 
crack depth for the sample annealed in 
air (sample 1). Crack depth estimates 
are obtained using the half-penny shaped 
crack theory (crack depth,-·-o£ , then 
equals the half-penny shaped crack 
radius, a ). The kink observed in the 
curve is believed to be an effect of the 
severe surface oxidation which occurred 
during the annealing process. 
As-Indented Samples - The fracture model for the cracks 
in the as-indented samples differs considerably from the 
model for the cracks in the annealed samples. Firstly, 
'there is crack closure at the samole surface in the vic-
inity of the Knoop indentation (Fig. 11). This arises 
because the Knoop indentation technique used to 
produce the crack creates a plastic deformation 
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region in the neighborhood of the indentation in 
which the residual stress fields have not been 
relieved as in the annealed samples. The second 
difference is that as the cracked sample is stressed 
to fracture, the crack grows from an initial depth 
of Co to a final fracture depth of Cm 
350 
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CRACK DEPTH (I-'m) 
Figure 9 - Stress versus acoustic estimates of the 
crack depth for the vacuum-annealed 
sample (sample 2). Two unload-reload 
cycles were performed on this sample. 
Crack depth estimates were obtained using 
the half-penny shaped crack theory 
(crack depth, C , equals half-penny 
shaped crack radius, a ). 
r ~1 l.lmm 
Figure 10 - Typical fracture surface for crack in 
an annealed sample. 
The first problem that we encounter is that 
our earlier scattering theory based on the model 
of an open half-penny shaped crack no longer is 
applicable here. We have not yet developed a theory 
which accurately models the surface closure charac-
teristic of these as-indented cracks; however, we 
have worked out a theory based on a very crude 
approximation for the actual crack configuration 
which gives surprisingly good crack size predic-
tions. This theory approximates the actual crack 
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by an elliptical crack with semi-major axis a and 
semi-minor axis b where the surface closure effect 
is modelled by removing the elliptical crack center 
to a position a distance h below the sample sur-
face (b < h ; Fig. 12). We can evaluate the 
reflection coefficient for a Rayleigh wave normally 
incident on this type of crack configuration much 
as we did earlier. Again, the reflec-
tion coefficient is given by Eq. (2). Here, how-
ever, we must use a generalized form of Eq. (3) to 
relate the surface integral in Eq. (2) to the con-
tour integral involving the stress intensity factor, 
KI , namely 
(6) 
In Eq. (6), the quantity p(~) is defined for a 
given point r on the crack circumference c as 
the perpendicular to the tangent 1 ine at r ' which 
passes through the origin o~ the crack coordinate 
system. Shah and Kobayashi have evaluated the 
angular dependence of the stress intensity factor 
for this type of crack subject to a bending load. 
The form for the applied stress is again linear 
b - y 
c1 + c2 --
b 
(7) 
where C1 and C2 are constants. In terms of C1 
and C2 , and the functions MT(e) and M~(e) 
numerically evaluated by Shah and Kobayashl, the 
stress intensity factor may be written in the form 
KI(e) /Til)/a 2 2 2 2 
11 4{ 
------ (a cos e + b sin e) c1Mr+e) E(k) 
k2E(k) cos 8 ]) ( (8) 
(1 + k2)E(k) - (k') 2K(k) J 
Here, K(k) and E(k) are complete elliptic 
integrals of the first and second kinds, respec-
tively, and the quantities k and k' are defined 
by 
(9) 
MT(e) and ML(e) represent the stress intensity 
magnification factors for the elliptical crack con-
figuration shown in Fig. 12 for the respective cases 
of a uniform applied stress and a linearly varying 
applied stress. These functions have been calcu-
lated by Shah and Kobayashi for various values of 
the aspect ratio, b/a , and the depth ratio, b/h 
As in the actual crack, the crack width is roughly 
twice the crack depth, and the region of surface 
closure is shallow compared to the maximum crackdepth. 
We have chosen to use the Shah and Kobayashi results 
for MT(8) and ML(8) given for the parameter 
values b/a = 0.6 and b/h = 0.9 (Figs. 13 and 
14). The result for the normalized reflection 
coefficient, wkiSul , as a function of the nor-
malized crack depth 2~(b +h)/A , is then given by 
the solid curve in Fig. 5. 
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Figure 11 - Fracture model for an as-indented crack. 
Co is the depth of the initial flaw 
produced by the Knoop indentor; Cm is 
the depth to which the crack grow~ 
before fracturing. Crack closure occurs 
at the surface in the vicinity of the 
Knoop indentation. 
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Figure 12 - Schematic of elliptical crack theory 
geometry. 
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Figure 13 - Stress intensity magnification factor 
as a function of the angle 6 for the 
elliptical crack configuration of 
Fig. 12, subject to a uniform apglied 
stress (after Shah and Kobayashi9). 
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Figure 14 - Stress intensity magnification 
as a function of the angle 6 
elliptical crack configuration 
Fig. 12, subject to a linearly 
applied stress (after Shah and 
Kobayashi g). 
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We used this crude theoretical model to give 
crack size estimates for the as-indented samples. 
As with the cracks in the annealed samples, there 
is a steady increase in the crack depth estimates 
with increasing load (Figs. 15, 16, and 17). How-
ever, with these cracks, crack growth occurs, as 
indicated by the failure of the cracks to return to 
their original sizes upon subsequent unloading. In 
addition, a small decrease in the crack size esti-
mates is observed when the load is relieved, thus 
indicating a slight tendency of the cracks towards 
partial closure at the lower boundary upon unload-
ing. Continuous growth of the crack until fracture 
is evidenced in Fig. 16 where two unload-reload 
cycles were performed. In each cycle, it is appar-
ent that the crack never fully returns to the size 
it had previously when the stress is reduced to near 
zero values. 
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Figure 15 - Stress versus acoustic estimates of the 
crack depth for as-indented sample 4. 
One unload-reload cycle was performed. 
The crack depth, C , equals the 
quantity b + h (see Fig. 12). 
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Figure 16 - Stress versus acoustic estimates of 
the crack depth for as-indented 
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sample 5. Two unload-reload cycles 
were performed. The crack depth, C , 
equals the quantity b + h lsee 
Fig. 12). 
FRACTURE 
0~~~~-L~-~~~_L_L~~~~~_L_ 
0 20 40 60 80 100 120 140 160 180 200 
CRACK DEPTH (I'-m) 
Figure 17 - Stress versus acoustic estimates of the 
crack depth for as-indented sample 6, 
One unload-reload cycle, where the 
sample was fully unloaded, was per-
formed. The crack depth, C , equals 
the quantity b + h lsee Fig. 121. 
Examination of a typical fracture surfa.ce for 
these samples reveals the presence of two rings 
near the sample surface (Fig. 18). The inner ring 
represents the extent of the initial flaw produced 
at the time of indentation. The outer ring indi~ 
cates the extent to which the crack grew before 
fracture occurred. A comparison of the acoustic 
estimates for the initial crack depth, c0 , and 
the depth at fracture, em , with the corresponding 
values measured optically is given in Table II. 
Considering the crudeness of the model used to 
obtain the acoustic estimates, the agreement 
between these values is remarkably good. 
Lastly, we compare the fracture stresses of 
the five samples. From Tables I and II, we note 
that the crack depths at fracture for the annealed 
samples tend to be much less than those for the 
as-indented samples. Thus, we expect the annealed 
samples to fracture at higher stress values than 
the as-indented samples. In Table III, we show that 
this is indeed the case. 
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I· ·I 1.1 mm 
Figure 18 - Typical fracture surface for crack in 
a.n as~ indented samPle. 
CONCLUSION 
We conclude that the acoustic techntque 1~ a 
powerful method for observing fracture of surface 
cracks in ceramics. Major differences in the 
fracture behavior of cracks in annealed and 
unannealed samples have been documented. 
It is apparent that there is a need to improve 
the acoustic scattering formulae and the e~timates 
of the stress intensity factor for cracks closed at 
the sample surface. A theory by which to a.ccurately 
predict how a partially closed annealed crack opens 
under applied stress would also be of considera.ble 
interest. We are currently developing a variational 
method to deal with the problems encountered in the 
scatter; ng theory a.nd are cons iderjng simple 
theories to deal with the latter problem. 
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Sample 
2 
TABLE I; Annealed Samples 
c0 = initial crack depth 
em = crack depth at fracture 
Co = em 
Acoustic 
em (Jlm} 
134 
125 
Actual 
em (Jlml 
115 
115 
Deviation 
17% 
7% 
Sample 
4 
5 
6 
Sample 
TABLE II: As-Indented Samples 
c0 = initial crack depth 
em = crack depth at fracture 
Co < Cm 
Acoustic 
c0 (llm) 
97 
94 
96 
Acoustic 
em (\lm) 
Actua 1 
c0 (\lm) 
116 
112 
112 
Actual 
em (\lm) 
Deviation 
16% 
16% 
14% 
Deviation 
------------------------------------------------
4 
5 
6 
184 
191 
185-191 
220 
223 
205 
16% 
14% 
7-10% 
TABLE III: Fracture Stresses 
Annealed: 
As-Indented: 
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